The mathematical and physical properties of the Lamb vector divergence are explored. Toward this aim, the instantaneous and mean dynamics of the Lamb vector divergence are examined in several analytic and turbulent flow examples relative to its capacity to identify and characterize spatially localized motions having a distinct capacity to effect a time rate of change of momentum. In this context, the transport equation for the Lamb vector divergence is developed and shown to accurately describe the dynamical mechanisms by which adjacent high-and low-momentum fluid parcels interact to effect a time rate of change of momentum and generate forces such as drag. From this, a transport-equation-based framework is developed that captures the self-sustaining spatiotemporal interactions between coherent motions, e.g. ejections and sweeps in turbulent wall flows, as predicted by the binary source-sink distribution of the Lamb vector divergence. New insight into coherent motion development and evolution is found through the analysis of the Lamb vector divergence.
Introduction
The objective of the present paper is to explore the properties of the Lamb vector divergence and the transport equation for this variable. The motivation to do so stems from the close connection between the Lamb vector divergence and the motions in a flow, especially those instantaneous motions in turbulent flows, having a distinctively high capacity to effect a time rate of change of momentum. This specific attribute underlies the hypothesis that through the study of the Lamb vector, its divergence and transport, one may construct a rigorous (transport-equation-based) methodology for the study of what are generically referred to as coherent motions. To provide a context in this regard, the challenges associated with the various approaches to the turbulence problem and, in particular, coherent motion research are briefly reviewed.
Early approaches to the turbulence problem focused on the observation that the instantaneous time trace from a sensor placed in the flow (e.g. a hot-wire probe) appeared essentially random. From this perspective, the classical statistical theories of turbulence emerged, e.g. Taylor (1935) , Batchelor (1953) , Monin & Yaglom (1977) . Of course, associated with this approach is the well-known closure problem for the Reynolds stress gradient term in the time-averaged momentum equation or the unclosed higher-order terms in Kármán-Howarth-type equations (Hinze 1975) . Despite these challenges, a primary advantage of the statistical approach is its relatively direct connections to the underlying equations of motion. On the other hand, a primary shortcoming is that by their very nature these approaches provide diminished insight into the underlying instantaneous dynamics. This shortcoming has a very practical ramification since, even though applications may only require a net time-averaged result or answer, in actual practice one must contend with the instantaneous flow field. Thus, an understanding of how the average flow field is established from the ensemble of the instantaneous flow field realizations is required.
Starting about fifty years ago, the purely stochastic perspective began to be modified through the recognition that within essentially all turbulent flows (and especially turbulent shear flows) there exist coherent motions † that, relative to the volume of flow they occupy and the duration over which they act, are responsible for disproportionate contributions to the overall momentum transport. Early coherent motion research was significantly aided by the development of flow visualization techniques that provided spatial information relating to instantaneous flow evolution. Of course, significant care must be taken when a visualization marker is used as a surrogate since, for example, the diffusion coefficients of commonly employed visualization markers tend to be significantly different from the fluid viscosity. Placing such challenges aside, the primary goal of coherent motion research continues to rest in the notion that within the totality of motions (governed by the Navier-Stokes equations) there exists a special subset of eddies that carry with them the bulk of the dynamics. Implicit to this approach is the subjectivity associated with the notion that the motions that look most 'organized' are the coherent motions. Of course, a disadvantage to coherent motion research is that the veracity of this assumption must be tested empirically to determine whether the motions identified are, in fact, especially dynamically significant. At the heart of this challenge resides the fact that, at present, there are no rigorously established equations that selectively describe the dynamics of coherent motions.
One methodology that seeks to address this challenge involves the construction of low-dimensional dynamical models. That is, consistent with the idea that the bulk of the dynamics resides with the coherent motions is the mathematical notion that within the phase space containing the trajectories of a high-dimensional system there may exist much lower-dimensional manifolds that capture most of the important dynamics. In this regard, proper orthogonal decomposition (Lumley 1967; Berkooz, Holmes & Lumley 1993 ) and stochastic estimation (Adrian & Moin 1988) methods are most often used to construct the energetically most significant eigenmodes for which dynamical evolution equations are subsequently developed (Aubry et al. 1988) . This approach has been applied to a wide variety of flow fields (Bakewell & Lumley 1967; Chambers et al. 1988; Berkooz, Holmes & Lumley 1991) , and in some cases with apparently considerable success. Persistent issues regarding this approach, however, relate to the criteria by which the full system is truncated to form the low-dimensional model. Namely, how should the modes be selected, and how many modes are enough? Particularly bothersome in this regard is that these criteria are almost exclusively based upon the fraction of the total energy contained in the projected modes. The relationship between the amount of energy realized via the low-dimensional model and that which is sufficient to capture the important dynamics is, however, an uncertain proposition since causality is embodied in the dynamics from which the energetics result.
A central and long-held concept of coherent motion research relates to the importance of vortices, e.g. Robinson (1991) , Jeong & Hussain (1995) , Chakraborty, Balachandar & Adrian (2005) . Traditionally, the notion of a vortex focuses on a specific type of vorticity bearing motion that has nominally circular and closed streamlines when viewed in cross-section within an appropriately advecting reference frame. The special importance attributed to such motions is implicit to a very large volume of turbulence research -evoking the often cited anthropomorphic characterization that vortices are 'the sinews and muscles of turbulence' (Küchemann 1965) . A universally accepted definition of a vortex, however, does not exist. Still, with the advent of full field information via direct numerical simulation (DNS) and particle image velocimetry (PIV), increasingly mathematically sophisticated methods for the identification and classification of vortices have been proposed and continue to be developed. There are, however, unanswered yet fundamental questions worth asking that relate to the efficacy of this course of investigation. For example, why should one focus on the characteristics of nominally closed streamlines in cross-section when there is little a priori dynamical justification for imposing such a constraint? Similarly, what (if any) reliable connection exists between the general concept of a vortex and the flow dynamics as, for example, reflected by or related to the equations of motion? Indeed, recent definitions (e.g. Chakraborty et al. 2005) as well as those given in virtually all previous studies attempting to define a vortex contain no (or very little) explicit requirement for a vortex to have any special dynamical significance. That being the case, it seems appropriate to question whether the elevated significance specifically attributed to vortices is entirely rational.
Though coherent motions are often discussed relative to embedded vortices, there are good reasons to believe that the notion is both unduly restrictive while simultaneously in need of extension. For example, the studies by Brasseur & Lin (2005) arrived at important conclusions relating to the detection and characterization of highly active regions of vorticity, strain rate and Reynolds stress. Relative to overall dynamical significance, they found that regions of high-intensity vorticity (for example) were not necessarily more important than adjacent lower-intensity regions; similar results were also found by Tsinober (1998) . Rather, the overarching conclusion was that, owing to the complex interactions over a wide range of scales (especially in well-developed as opposed to post-transitional turbulent flows), a clear connection between the important dynamics and any particular class of motion is not at all apparent. In addition, they showed that tube-like concentrations of vorticity were not quantitatively any more significant than sheet-like concentrations. A clear result derived from their findings is that, while the instantaneous local flow domains that play a disproportionate role (relative to the volume they occupy) in local momentum transport often contain vortices, significant care should be taken in attributing vortices as the causal mechanism carrying the dynamics. In the end, searching out and tracking coherent vortices is likely to have only limited success relative to educing robust models of flow physics.
The present work asserts that there are advantages to directly connecting the attributes of coherent motions to field variables, and demanding that the particular variables chosen reflect a distinct capacity to effect a time rate of change of momentum. Specifically, through the study of the Lamb vector, its divergence and its transport, we explore the broader question of whether specific field variables that conform to these requirements are able to provide a rigorous foundation for identifying and studying those motions that carry the bulk of the dynamics. Of course, such concepts are not entirely new. For example, some researchers have suggested that coherent motions might be mathematically connected to the field variable of helicity (Tsinober & Levich 1983; Moffatt 1985) . Similarly, Klewicki (1998) hypothesized, on physical grounds, a direct connection between the mechanisms underlying coherent motion formation and evolution, and turbulent stress transport. The primary hypothesis investigated herein relates to the Lamb vector divergence as a derived field variable that intrinsically identifies those spatially localized motions having a distinct capacity to effect a time rate of change of momentum (i.e. to a degree that is disproportionate with the volume it occupies) and, thus, contains both desirable attributes asserted above.
Given these considerations, the objectives of the present study are to (i) describe the mathematical and physical properties of the Lamb vector divergence that establish its relation to those motions that effect a time rate of change of linear momentum,
(ii) elucidate the generic characteristics of the Lamb vector divergence by exploring its behaviour in representative analytical test problems, and (iii) explore the behaviour of the Lamb vector divergence in a range of complex flows (both turbulent and unsteady) relative to its capacity to identify the dynamically important motions.
Given these objectives, it is useful to briefly discuss previous research concerning the Lamb vector and its derivatives. Wu, Ma & Zhou (2006) analysed the Lamb vector for a wide variety of flows including slender-wing drag reduction (Yang et al. 2007) . Moffatt (1985 Moffatt ( , 1986a investigated the Lamb vector in the context of steady Euler flow and magnetohydrodynamic equilibria. The Lamb vector divergence appears in the equations of Marmanis (1998) as a source term. Sposito (1997) and Kollmann (2006) analysed Lamb surfaces and vector fields. Tsinober (1990) studied the relationship between the Lamb vector and the depression of non-linearity in turbulent flows. Rousseaux et al. (2007) and Alim (2007) have both measured the Lamb vector divergence experimentally by PIV. The Lamb vector divergence also appears as an acoustic source term in Lighthill's wave equation (Lighthill 1952) and, more directly, in the formulation of Howe (1975) . In this context, the interaction between adjacent high-and low-momentum (or pressure) fluid parcels associated with compression (or sound) waves is given new clarity by the interpretation of the Lamb vector divergence outlined in the following sections.
In § 2, we describe several mathematical properties and physical interpretations of the Lamb vector divergence that substantiate its kinematical and dynamical significance. The equations of motion are reviewed in § 3 in order to derive a transport equation for the Lamb vector divergence and formulate a transport-equation-based methodology for the study of coherent motions. Analytic examples of shear flow, vortex flow, and chaotic Beltrami flow fields are then used to clarify these properties in § 4. The statistical and instantaneous properties of the Lamb vector divergence for a variety of topologically complex flow fields are analysed in § 5 to illustrate the dynamical importance of the Lamb vector divergence. The present results are then summarized and discussed in § 6.
Mathematical and physical properties
The Lamb vector divergence can be expressed as the sum of two parts: (1) the flexion product u · ∇ × ω and (2) the negative enstrophy −ω · ω,
where l = ω × u = (∇ × u) × u is the vorticity-velocity cross-product, or Lamb vector. Accordingly, the Lamb vector divergence is identically zero for both irrotational and Beltrami flows where ω × u = 0, or more generally, whenever the Lamb vector is solenoidal. The flexion product and enstrophy, however, need not be zero if the Lamb vector divergence is zero. In such a case, the flexion product and enstrophy are locally balanced, i.e. u · ∇ × ω = ω · ω. Such regions where the sign of the Lamb vector divergence switches between negative and positive occur frequently in turbulent flows. When this shift occurs, the mechanisms that drive momentum transfer in turbulent flows undergo a distinct change in dynamical character. Equation (2.1) indicates that, for any vortical flow, the last term will always be negative. Negative values of ∇ · l are interpreted as spatially localized motions that have accumulated the capacity to effect a time rate of change of linear momentum. Conversely, spatially localized positive regions represent motions that have a depleted capacity in this regard. Relative to the generic notion of a vortex mentioned in the Introduction, it is tempting to associate the former of these attributes with the concentrated angular momentum in a swirling-type motion. This interpretation does not, however, require a vortex-like motion since a shear layer embedded in a turbulent flow can just as easily generate locally large amplitude enstrophy fluctuations. On the other hand, while the overall Lamb vector divergence can be either positive or negative, positive contributions can only arise owing to the flexion product. Since u · ∇ × ω = −u · ∇ 2 u for isochoric motions, u · ∇ 2 u is negative when the flexion product is positive. Physical processes associated with such motions would seem to be the unwinding of a vortex: the conversion of the angular momentum stored in a rotational motion into linear momentum and the depletion of the low-pressure zone (owing to the Euler-n effect) associated with a vortex core. Since the Lamb vector divergence is parity invariant, the interpretations given for both positive and negative regions of Lamb vector divergence are independent of whether or not one uses a right-or left-handed frame of reference (Moffatt & Tsinober 1992) .
Application of Green's transformation in any volume of fluid V yields
where it is understood that the unit normal dS points outward from the bounding surface of integration S. As is always the case, the total divergence of the Lamb vector in a region equals the net outward flux of the Lamb vector across the boundary of that region. Recognizing that the Lamb vector acts as a vortex force, the Lamb vector divergence identifies inhomogeneities in the momentum transport surrounding a fluid element, or a flux of energy, that propagates or concentrates local energy curvature. In a region of flow where the flexion product is positive, the enstrophy acts as a storage mechanism and the flexion product behaves like a release mechanism of the momentum flux and kinetic energy as shown in § 5. The total Lamb vector divergence in a given region is then given by the sum of all sources (i.e. flexion product) minus the sum of all sinks (i.e. enstrophy) of force gradients. For a wide variety of flows, e.g. shear layers and vortex flows, the flexion product is positive so that the aforementioned source-sink interpretation is appropriate. Furthermore, the mutual interference between the flexion product and enstrophy gives rise to an energy curvature interpretation and minimization process for flow interactions outlined in the following sections.
2.1. The Lamb vector divergence and the Bernoulli function The convective acceleration of a material particle can be written as the sum of the Lamb vector and the gradient of the specific kinetic energy: (u · ∇)u = ω × u+∇(u 2 /2). The mathematical and physical character of the Lamb vector plays an important role in establishing the nature of the flow (Truesdell 1954) , and ∇u 2 describes how material particles accelerate as they move towards kinetic energy maxima. Well known bounds for isochoric flows show that −ω · ω/26∇ · [(u · ∇)u] 6 S 2 where S is the rate of strain tensor S ij = (u i,j + u j,i )/2 and S 2 = S ij S ji is non-negative. By rearranging terms,
so that the middle expression must be non-negative for all isochoric motions. Then, if the squared speed is superharmonic (i.e. ∇ 2 u 2 < 0) on some connected open subset M of the flow domain, the flexion product is necessarily positive throughout M and, by the properties of superharmonic functions, the least value of u 2 is attained on the boundary ∂M. Therefore, if the kinetic energy obtains a local maximum at a point P , then there exists a region M containing P where the squared speed is superharmonic.
In such a case, we have a 'pocket' of high-speed fluid surrounded by low-speed fluid. The natural question to then ask is what happens to this high-energy content fluid? The flow seeks to minimize this energy (or momentum flux) curvature by redistributing its momentum to the surrounding low-speed fluid. Positive flexion product is seen to identify this momentum transfer process. Furthermore, the appearance of the flexion product in the viscous contribution to the kinetic energy transport equation (see § 3) results in the interpretation that u · ∇ × ω is primarily positive so as to decrease the local fluid velocity through viscous effects. Hence, the flexion product is also characteristic of kinetic energy dissipation supporting the aforementioned energy minimization process. For isochoric motions, the flexion product can be expressed as
where positive flexion product is also readily explainable in terms of the harmonic behaviour of the momentum flux and subsequent temporal interactions between adjacent regions of such variation. Equations (2.3) and (2.4) do not, however, prohibit negative flexion product. If the flexion product is negative throughout a connected region G, then the squared speed is necessarily subharmonic (i.e. ∇ 2 u 2 > 0) throughout G, and hence the greatest u 2 must be found on the boundary ∂G. Therefore, we now have a pocket of low-speed fluid surrounded by high-speed fluid. This is characteristic of regions of separated flow where the flexion product is negative, as seen in the turbulent cylinder flow of § 5.2. Equation (2.4) also suggests that positive flexion product can be found where the squared speed is subharmonic, e.g. in the predominantly low-speed highvorticity environment of the viscous sublayer. From (2.3), the harmonic nature of u 2 becomes indefinite in regions where −ω · ω/2 < ∇ · l < S 2 , e.g. at the interface between the viscous sublayer and buffer layer in turbulent channel flow as shown in § 5.1. In such regions, the Lamb vector divergence and energy curvature relationship is further clarified by the dynamical interpretation afforded by the momentum flux plus pressure, or Bernoulli function.
Taking the divergence of the momentum equation yields that ∇ · l = −∇ 2 (φ * + u 2 /2) for isochoric motions where φ * is the acceleration potential given by φ * = p/ρ for an incompressible Navier-Stokes flow with pressure p and density ρ. The form of these equations suggests defining a new scalar potential Φ = φ * + u 2 /2, which is known as the Bernoulli function. Therefore, for a Navier-Stokes flow, the Lamb vector divergence is the source term in a Poisson equation for the Bernoulli function:
Hence, for a given region of flow, if ∇ · l > 0, it follows that Φ is superharmonic so that the least value of Φ occurs on the boundary indicative of a local maximum of Bernoulli function. If ∇ · l 6 0, then Φ is subharmonic so that the maximum value of Φ occurs on the boundary indicative of a local minimum of Bernoulli function. Furthermore, if ∇ · l = 0, then no local maxima or minima occur in the interior. Therefore, regions of positive ∇ · l physically correspond to regions where Φ is concentrated, while regions of negative ∇ · l correspond to regions where Φ is depleted.
Positive values of Lamb vector divergence represent straining motions owing to the flexion product, while negative values represent vorticity bearing motions. As a result, straining motions constitute a local concentration of flow energy, while non-straining vortical motions represent a locally depleted region of flow energy. More importantly, however, the interaction and interference between regions of strong strain rate and regions of strong vorticity carries a strong potential relative to the surrounding fluid to redistribute this energy thereby converting low-speed high-vorticity motions into high-speed low-vorticity motions (and vice versa) as described by the Lamb vector divergence. These local energy variations and their subsequent temporal interactions possess a significant potential relative to the surroundings to redistribute momentum, thereby effecting a time rate of change of momentum through the dynamical processes discussed in § 3.
Pressure drag
Of particular interest is the relationship between the Lamb vector divergence and the drag (or lift) on a stationary bluff body immersed in an incompressible flow. The resultant force F net due to pressure is then given by integration of the general solution of (2.5) along the surface S 0 of the bluff body
where the spatial distribution of the Lamb vector divergence and geometry are the critical parameters. Observe that, when the Lamb vector divergence is zero, the contribution to the net force is identically zero. Moreover, if one can minimize or balance the spatial distribution of the flexion product and enstrophy, the drag will decrease significantly. For example, decreasing the area over which regions of positive and negative Lamb vector divergence interact leads to drag reduction, which is exactly what happens, for example, when increasing the Reynolds number in cylinder flows as shown in § 5. The drag can also be reduced by balancing the spatial distribution of the Lamb vector divergence through injection of high-momentum fluid into regions where the flexion product is dominant. A similar process is observed in the case of bubble injection into a turbulent boundary layer. In this case, the bubbles act to flatten the energy curvature. This produces a more harmonic Bernoulli function relative to the non-bubble case and, as a result, reduces the net viscous drag (Xu, Maxey & Karniadakis 2002; Ferrante & Elghobashi 2004 (Choi, Moin & Kim 1993) . Investigating these effects of the Lamb vector divergence in the context of drag reduction provides a valuable analysis tool for a wide variety of complex flows (Crawford, Marmanis & Karniadakis 1998) . Such analysis is further aided by recognizing that, like the vorticity, the distribution of the Lamb vector divergence can be inferred for a given geometry, thereby enabling the development of drag reduction methodologies in conjunction with (2.6) by inspection alone. The problem of drag reduction has effectively been reduced to an integral minimization problem whereby balancing the Lamb vector divergence, or equivalently, harmonizing the Bernoulli function will decrease the drag.
Integral properties
A well-known identity of Lamb and J. J. Thomson (Truesdell 1951 ) when expressed in terms of the Lamb vector divergence reveals that
provided that u is solenoidal. Therefore, the total kinetic energy of the flow is directly related to a weighted volume integral of the Lamb vector divergence. For a bluff body, contributions from the geometry are decoupled from the local dynamics near the wall of the body, which becomes more clearly defined with increasing Reynolds number due to the increasing spatial localization of the Lamb vector divergence.
This decoupling effect appears to be a rather generic feature of the Lamb vector divergence. From (2.2), if all finite boundaries are no-slip and stationary, it is sufficient that l · n decay as fast as r −2 in the far field so that
This implies that the average value of the Lamb vector divergence is zero over the entire motion independent of whether or not that motion is isochoric. Hence, for a wide class of motions, the Bernoulli function is harmonic on average (e.g. the vortex flow of § 4.2). This implies a global balance between the flexion product and enstrophy -albeit not necessarily a local balance except for the trivial case of rest. Therefore, on average, turbulent flows seek to minimize the energy curvature, or equivalently, harmonize the Bernoulli function. The process by which this occurs find rigorous description via the self-interaction of competing positive and negative Lamb vector divergence regions. As shown later, the formation and evolution of these local variations in the Lamb vector divergence constitute a predominant characteristic of turbulent flows.
Transport
In this section, the transport equation for the Lamb vector divergence is examined. The motivation behind this development is to understand the physical mechanisms that drive the Lamb vector divergence and to provide new insight into coherent motion development and evolution that is not otherwise apparent. We now consider the special forms of the general transport equations for Newtonian fluids.
The transport equation for the Lamb vector divergence is
where the first two terms represent the flexion product transport equation and the last embodies the enstrophy transport equation. We now analyse each term. The momentum transport equation is
where ν is the kinematic viscosity. Similarly, the kinetic energy transport equation is 1 2
where the flexion product appears as a dissipative mechanism. Since the kinetic energy is a non-negative quantity, this further provides evidence that the flexion product term is primarily positive in non-separated flow regions as the viscous contributions would be expected to decrease the total kinetic energy. If the motion is steady, the Bernoulli function also decreases along the flow direction when the flexion product is positive as expected of a straining motion (Batchelor 1967) . One may write the enstrophy transport equation as
where the curl of the Lamb vector contributes to the advection and stretching of vorticity. In a manner analogous to that of the kinetic energy transport equation, ω · ∇ 2 ω is primarily negative so as to decrease the enstrophy through viscous action. Therefore, the primary mechanism to produce an increase in enstrophy results from negative ω · ∇ × l. Note that this term is also negative for similar vorticity filament topologies in a steady vorticity field, i.e. ω · ∇ × l = νω · ∇ 2 ω. Hence, ω · ∇ × l is typically negative when the enstrophy is increasing. However, after the enstrophy has reached a local maximum and begins to decrease, these terms reverse their roles.
Applying the curl operator twice to (3.2) yields the transport equation for the flexion whose dot product with the velocity field yields
where u · ∇(∇ · l) is the advection of the Lamb vector divergence. The biharmonic term u · ∇ 2 (∇ × ω) = − u · ∇ 4 u is typically negative along a streamline in a region of positive Lamb vector divergence where ∇ 2 u 2 is increasing as the fluid particle transmits its kinetic energy and momentum flux to the surrounding fluid. This term then acts to minimize a further increase in flexion product, or momentum, through viscous effects as the surrounding low-momentum fluid is accelerated. Correspondingly, in regions of negative Lamb vector divergence where ∇ 2 u 2 is decreasing, this term is primarily positive, effectively promoting a more harmonic Bernoulli function as described below.
By substituting (3.2), (3.4) and (3.5) into (3.1), the Lamb vector divergence transport equation takes the form
where each term has dimensions of energy flux. Observe that the viscous terms owing to the flexion product, specifically −(∇ × ω) 2 and u · ∇ 2 (∇ × ω), are typically negative where ∇ · l > 0, while the enstrophy term −2ω · ∇ 2 ω is typically positive where ∇ · l < 0. Physically, this means that regions of strong flexion product tend to locally decrease the flexion product throughout the flow while regions with strong enstrophy tend to locally decrease the enstrophy thereby collectively minimizing the Bernoulli function towards a harmonic state through the action of viscosity. A similar action of harmonic minimization occurs for the flexion product terms in regions of strong enstrophy and for the enstrophy terms in regions of strong flexion product. One mechanism by which viscous effects minimize ∇ 2 Φ is through enhanced alignment of the vorticity and velocity vectors. In effect, viscous processes act to return the flow to a harmonic state while the extra advective terms act to make the Lamb vector divergence depart from equilibrium. This latter effect leads to more intense momentum and energy transfer.
Recalling that the velocity and flexion vectors must be correlated for the flexion product to be positive, (∇ × ω) · ∇Φ is generally of the same sign as u · ∇Φ. Therefore, the term −(∇ × ω) · ∇Φ is expected to be primarily positive in regions of strongly positive flexion product. In such cases, the Bernoulli function decreases in the flow direction. Such streamline behaviour is common even in unsteady, inviscid flows where a local maximum in kinetic energy subsequently decreases in time by the transport of momentum flux curvature to the surrounding fluid as u · ∇Φ = −∂ t (u 2 /2). Therefore, this term is interpreted to measure how a region of high-flexion product expends its kinetic energy and increases its pressure, which then increases the momentum and decreases the pressure of the surrounding fluid.
The remaining advective terms act to enhance the magnitude of the flexion product and enstrophy, correspondingly. By definition, the Lamb vector is orthogonal to the velocity, and hence, l · ∇ 2 u is seen to characterize the transport of momentum flux curvature to the surrounding fluid in the plane perpendicular to the velocity vector. For steady flow, νl · ∇ 2 u = l 2 +l · ∇Φ. Therefore, l · ∇ 2 u is primarily positive in a region where the momentum flux is increasing perpendicular to the velocity field, while it is negative where the momentum flux is decreasing orthogonally to the velocity field. Hence, l · ∇ 2 u is typically positive where low-momentum fluid is being accelerated. Similarly, u · ∇ 2 l appears due to the flexion product transport equation and is expected to be positive in a region of increasing Lamb vector divergence (e.g. where the fluid is accelerating). Likewise, u · ∇ 2 l is typically negative in a region of decreasing Lamb vector divergence (e.g. where the fluid is decelerating). This term then measures the transport of momentum flux curvature to the surrounding fluid. This occurs along a streamline as the flow evolves from a low-momentum flux to a high-momentum flux condition, and leads to an increase in linear momentum that is subsequently attenuated by the surrounding low-momentum fluid. This interpretation is clarified by recognizing that, for steady inviscid flow, u · ∇ 2 l = − u · ∇(∇ 2 Φ) = u · ∇(∇ · l), which remains a dominant contribution for unsteady viscous flow. Thus, if the Bernoulli function is decreasing along a streamline, the magnitude of its curvature is minimized in the flow direction such that u · ∇ 2 l is negative. This will occur, for example, in a region immediately following a local maximum of flexion product and Lamb vector divergence, where the net viscous force acts to decelerate the fluid. This reflects how viscous effects act to harmonize the Bernoulli function along the flow direction. Analogously, u · ∇ 2 l is typically positive in regions immediately following a local maximum of enstrophy in subharmonic regions. Equation (3.4) indicates that ω · (∇ × l) is typically negative in regions where the enstrophy is increasing and positive in regions where the enstrophy is decreasing. Therefore, this term acts to locally concentrate angular momentum in regions where there is a deficit of linear momentum and redistribute regions of high enstrophy. These regions of momentum deficit then lead to a superharmonic state in part as a result of this initial enstrophy concentration, which has an increased capacity to effect a time rate of change of momentum. The flexion product advection terms represent the mechanisms by which this capacity is activated and, in the case of a localized low-momentum region, dictate the interaction with the surrounding high-momentum fluid.
An interesting reformulation of these extra advective terms follows from the kinematically exact result that
where (∇u) : (∇l) = (∂ i u j )(∂ j l i ) denotes the double contraction of the velocity gradient tensor and the Lamb vector gradient tensor. Hence, the Lamb vector divergence transport equation may be rewritten as
(3.8)
This form reveals that the non-orthogonality or coalignment between the velocity and Lamb vector gradients is a generic feature associated with the production and transport of the Lamb vector divergence, and consequentially drives the mixing of momentum and energy throughout the flow. In this section, we have shown how the terms that appear in the transport equation for the Lamb vector divergence are associated with the flexion product and enstrophy transport. The viscous terms act to attenuate the momentum flux curvature and promote a harmonic balance, often through alignment of the vorticity and velocity vectors. Conversely, the advective terms push the Lamb vector divergence away from equilibrium. Specifically, the flexion product terms act to increase the kinetic energy in subharmonic regions leading to a superharmonic state. In contrast, the advective enstrophy transport terms act to increase the enstrophy magnitude in superharmonic regions, thereby promoting a subharmonic state. The terms in (3.6) delineate how the Lamb vector divergence identifies motions in the flow that have a distinct capacity to transport, mix, and redistribute energy and momentum.
Given the actions induced from either the subharmonic or superharmonic condition, the tendency is for the above processes to repeat, i.e. initially low-momentum subharmonic fluid parcels store momentum flux capacity from the surrounding highmomentum fluid due to the advective enstrophy terms, and subsequently activate this capacity via interactions described by the advective flexion product terms. These mechanisms provide considerable insight into what spatially localized motions have the greatest capacity to effect a time rate of change of momentum. Perhaps not surprisingly, the regenerative nature of these mechanisms is also a generic property of the self-sustaining dynamical processes attributed to coherent motions in turbulent flows. 
Analytical examples
For the purposes of revealing generic properties of the Lamb vector divergence, it is instructive to examine a select set of analytical examples.
Shear flow For a unidirectional shear flow with u = (U (y, t), 0, 0)
T , we have that
where the first term is the flexion product and the second term the enstrophy. Let, for example, the steady velocity profile be given by U (y) = tanh(y), where y is the non-dimensional distance normalized by an appropriate length scale, e.g. the shear layer thickness. As shown in figure 1 , the distribution of the non-dimensional Lamb vector divergence for this particular velocity profile is
The Lamb vector divergence reaches a global minimum at the origin. It then passes through zero, where the flexion product and enstrophy balance, and reaches a maximum shortly thereafter. Since the vorticity decreases monotonically with increasing distance from the origin (wall), the flexion product is non-negative. Equation (2.3) indicates that the kinetic energy is subharmonic where ∇ · l 6 −ω · ω/2 (i.e. y 6 0.48) and superharmonic for ∇ · l > S 2 (i.e. y > 0.78). By inspection of (2.3) alone, however, the harmonic state of the kinetic energy is indefinite where the Lamb vector divergence transitions from negative to positive near y = 0.66, specifically, in the region where −ω · ω/2 < ∇ · l < S 2 . This region is similar to the region where the viscous sublayer transitions to the buffer layer in turbulent boundary layers as discussed in § 5.1. Since, however, the convective acceleration is zero in this flow, the Lamb vector is completely determined by its potential part such that ∇ · l = −∇ 2 u 2 /2 with ∇ 2 p = 0. Hence, the kinetic energy (like the Bernoulli function) is subharmonic wherever ∇ · l 6 0 and superharmonic wherever ∇ · l > 0 for unidirectional shear flow. As shown in § 5, the interaction between negative and positive regions of Lamb vector divergence, like those shown in figure 1 , is a key characteristic of many complex flows.
Vortex flow
For a steady Burgers vortex with vortex Reynolds number 1/A (see e.g. Marcu, Meiburg & Newton 1994) , the non-dimensional Lamb vector divergence is
as shown in figure 1. These distributions are qualitatively similar to the unidirectional shear flow of § 4.1 despite their quantitative differences. In particular, ∇ 2 p is not zero in this three-dimensional vortex flow, which guarantees a well-defined transition region, in contrast to planar shear flow. For vortex flows, the Lamb vector divergence identifies the inhomogeneity between the local concentration of enstrophy at the core and the surrounding dissipative mechanisms driven by the flexion product.
The Lamb vector divergence is invariant with respect to the vortex Reynolds number when normalized as shown and, thus, is independent of the background straining motion. Comparison with (2.3) reveals that ∇ 2 u 2 , ∇ 2 p, and S 2 are not invariant with respect to the vortex Reynolds number, and furthermore, are all unbounded in the radial and axial directions for any finite Reynolds number. However, the enstrophy, flexion product, and Lamb vector divergence all remain bounded and invariant.
The physical reason for this behaviour is found from the vortex pressure distribution
where p 0 is an arbitrary constant. Observe that u 2 /2 = u 2 θ /2 + A 2 (r 2 /2 + 2z 2 ). Then, to within an arbitrary constant, the Bernoulli function Φ(r) = p + u 2 /2 is given by
where Ei(x) is the exponential integral. Therefore, the pressure balances the momentum flux in the limit as r → ∞. This result is independent of the vortex Reynolds number such that the Bernoulli function remains bounded and only radially dependent even though both the pressure and squared speed individually diverge in the radial and axial directions. Vortex and shear flows exhibit dynamic similarity between strain rate and vorticity interactions. This directly follows from the interference between the flexion product and enstrophy. This interference is characterized by an energy sink at the vortex core (or wall) followed closely by a strong shift to an attenuated energy source. 
ABC flow
6 0 in agreement with the analysis of § 3.
ABC flows and, more generally, Beltrami flows are often associated with both vortical and turbulent motions, e.g. Moffatt & Tsinober (1992) . Vorticity is not, however, advected or stretched in a Beltrami flow. One further observes that, if the Lamb vector divergence is identically zero in an isochoric Newtonian fluid, the Bernoulli function is harmonic and therefore cannot have local maxima or minima. As a result, the periodicity and continuity of an ABC flow dictate that the Bernoulli function, or stagnation pressure p 0 , is uniformly constant throughout the domain such that |u| = √ 2(p 0 − p)/ρ. Furthermore, steady ABC flow is circulation-preserving. These dynamically uninteresting properties draw into question the usefulness of ABC flow and Beltrami motions in the study of material-based formulations and vortex identification schemes. This flow explicitly lacks the qualities of the vast majority of practical flow fields. There is no variation of the stagnation pressure between streamlines as deduced by consideration of the Lamb vector divergence, and furthermore, the Lamb vector curl, which quantifies the departure from circulationpreserving motions (including effects relating to the advection and stretching of vorticity), is also zero. To exclude such influential effects when developing models of vortical motions is not desirable, as these are the very mechanisms that drive momentum and energy transfer in turbulent flows.
Analysis
The instantaneous evolution of the Lamb vector divergence has direct connections to the transport of momentum and vorticity in turbulent flows. To complement the analytical examples discussed in the previous section, the dynamics of the Lamb vector divergence for turbulent channel and oscillating cylinder flow are now discussed.
Turbulent channel flow
The Lamb vector divergence may be separated into a mean Λ = ∇ · l and a fluctuating component with zero mean fluctuation λ = (∇ · l) . Hence, for plane channel flow, the mean Lamb vector divergence is given by
In this expression, U is the mean streamwise velocity; u , v , and w are the fluctuating velocity components in the streamwise direction x, wall-normal direction y, and spanwise direction z; and ω k is the fluctuating vorticity component in the k direction with mean spanwise vorticity Ω z = −dU/dy. A superscript + denotes that the quantity has been non-dimensionalized by the friction velocity u τ and ν, e.g. y + = yu τ /ν. To make the exposition more clear, the three terms in (5.1) are denoted by
z , and C + = d(u ω z + − w ω x + )/dy + as the mean flexion product, mean (negative) enstrophy, and mean velocity-vorticity correlation contributions, respectively. The mean Lamb vector divergence may then be expressed as the sum of three dynamically distinct mean quantities Λ + = F + + E + + C + . The inner normalized profiles of these quantities are shown in figure 2. The profiles shown in figure 2 are derived from the DNS of Moser, Kim & Mansour (1999) . All derivatives were computed using the same Chebyshev collocation method of (1999) . For the range of data examined, these profiles exhibit little Reynolds number dependence. Moser et al. (1999) to ensure spectral accuracy. The correlation term C + was determined through successive differentiation of the diagonal Reynolds stress components given in (5.3).
Mean quantities
As seen from figure 2, each term is symmetric with respect to the centreline and decays to zero outside the buffer layer. F + is strictly non-negative while E + is a monotonically increasing function throughout the channel half-width. C + has a similar profile to that of F + + E + alone although it is concentrated closer to the wall. C + also reaches a maximum at y + ≈ 7.5 near the peak mean streamwise velocity curvature, d
2 U + /dy +2 , where Λ + is zero and the mean Bernoulli function transitions from a subharmonic to superharmonic state. The peak F + occurs at y + ≈ 10 near the lower edge of the buffer layer, while the peak Lamb vector divergence occurs at y + ≈ 12. These positions also coincide with an approximate balance between the viscous and Reynolds stress.
Manipulation of the y-component of the momentum equation for steady, fully developed, isochoric, plane turbulent channel flow reveals that (Klewicki 1989) 
Therefore, the mean velocity-vorticity correlation is
3)
The curvature of these diagonal Reynolds stress components, or normal stresses, contribute comparatively little to the magnitude of Λ + , but the turbulent velocity fluctuations collectively act to enhance turbulent mixing and contract the subharmonic region closer to the wall relative to F + + E + alone. Klewicki (1989) provides experimental data on the wall-normal variation of velocity-vorticity correlations for zero-pressure-gradient turbulent boundary layers. Figure 2 of that paper provides profiles of u ω z + . These show that for 7 < y + < 20, u ω z + ∝ ln y + . As a result, the wall-normal gradient of u ω z + is proportional to 1/y + for 7 < y + < 20. For y + > 20, this term decays to zero as corroborated by figure 2. The velocity-vorticity correlation w ω x + exhibits less variation across the boundary layer than u ω z + . Thus, the wall-normal gradient of w ω x + is conservatively bounded by the gradient of u ω z + .
The experimental data support the conclusion that the gradient of these velocityvorticity correlations, C + , is of little importance to the wall-normal distribution of the mean Lamb vector divergence throughout much of the inner layer -even for much higher Reynolds number flows than reflected by the data herein. This term does, however, play an important role in the transition layer where the leading order terms of Λ + sum to zero and C + is near a positive maximum. This acts to contract the Λ + distribution closer to the wall, thereby promoting turbulent mixing. Thus, the mean Lamb vector divergence is well approximated by
for unidirectional turbulent shear flow as shown in figure 2 . The harmonic state of the mean Bernoulli function describes the relationship between locally large amplitude fluctuations about the mean and the intermittent effects they subsequently produce within the mean flow. The inflection point of the mean Bernoulli function, which is located where the mean Lamb vector divergence is zero, separates two distinct dynamical regions of the flow: the viscous sublayer and buffer layer. Hence, the flow in the subharmonic region (viscous sublayer) predominantly acts as a sink that stores the capacity to effect a momentum flux while the flow in the superharmonic region (buffer layer) acts to release momentum flux. Across this zone, there is an equal tendency for either momentum transport process to occur, and in particular, for a transfer of energy to occur between these regions. This process finds mathematical foundation in the advective terms of Lamb vector divergence transport equation. For example, l · ∇ 2 u represents this energy transfer process that occurs normal to the velocity field from the viscous sublayer to the buffer layer and vice versa. Such processes are discussed at greater length in § 5.1.4.
Joint PDFs
Further insights are gained by considering the joint probability density functions (PDFs) of the fluctuating Lamb vector divergence and associated quantities. We observe that the enstrophy fluctuations e + and flexion product fluctuations f + are generally uncorrelated. Additionally, in regions where e + is highly correlated with λ + (e.g. in the viscous sublayer), f + is typically uncorrelated with λ + , while in regions where f + is highly correlated with λ + (e.g. in the buffer layer), e + is typically uncorrelated with λ + . Particularly interesting is that λ + is well correlated with the fluctuating Bernoulli function φ + in near-wall regions where Λ + is non-zero, as shown in figure 3 . Furthermore, there exists a negative correlation in the viscous sublayer where the enstrophy dominates, while, in regions where the Lamb vector divergence is positive, λ + and φ + are positively correlated. Hence, in traversing from the sublayer to the buffer layer the nature of the correlation dramatically changes. At y + = 2, the correlation coefficient between the Lamb vector divergence and Bernoulli function is a remarkable value of −0.93, with the dominant contributions coming from the second quadrant (positive λ + , negative φ + ). Conversely, at y + = 12 the correlation between λ + and φ + is 0.70, with the bulk of the contributions coming from the third quadrant. This exceptionally strong variation in the correlation coefficient occurs over less than ten viscous lengths and, thus, sharply delineates the different physical mechanisms that drive the dynamics in the viscous sublayer and buffer layer.
Positive fluctuations of λ + in the viscous sublayer are accompanied by a net reduction of mechanical energy, while, in the buffer layer, positive fluctuations are accompanied by a net increase of mechanical energy. Furthermore, the joint PDFs demonstrate that, in the viscous sublayer, these positive fluctuations of λ + are due to enstrophy fluctuations, while in the buffer layer the positive fluctuations of λ + are due to fluctuating flexion product. In the viscous sublayer, these events are most strongly associated with negative energy fluctuations that arise due to strong negative enstrophy fluctuations. Similarly, the behaviour of the fluctuations in the buffer layer at the peak in Λ + , where the flexion product is decreasing, corresponds to processes by which predominantly high-momentum fluid parcels have expended their energy in accelerating the surrounding fluid, thereby promoting negative flexion product fluctuations, and hence reduced momentum flux. Regions of positive flexion product do contribute to local viscous losses in mechanical energy in the buffer layer; however, the viscous time scales are longer than the associated inertial scales such that these regions overwhelmingly redistribute momentum to the surroundings. This analysis provides a basis, supported by simulation data with an analytical foundation, to connect the mean Lamb vector divergence distribution to the local fluctuations that drive turbulent mixing. The reciprocating interaction between positive and negative regions of Lamb vector divergence is, in all likelihood, generic to the processes by which dynamically relevant motions effect a time rate of change of momentum.
Relationship to the mean momentum balance
For pressure-driven channel flow, the differential mean force balance is
where 1/δ + is the normalized mean pressure gradient, d 2 U + /dy +2 is the mean viscous stress gradient, and the last term is the gradient of the Reynolds stress. As given by Klewicki (1989) , the Reynolds stress gradient for fully developed incompressible turbulent channel flow may be written in terms of velocity-vorticity correlations as 6) where the streamwise Lamb vector is identically l x = wω y − vω z . Wei et al. (2005) have shown that, to lowest order, the balance expressed by (5.5) is described by a four-layer structure. The streamwise Lamb vector component is a leading term in (5.5) that establishes the balance in layers II, III and IV, i.e. outside the viscous sublayer. On the other hand, the mean spanwise Lamb vector is identically zero so that l z = v ω x − u ω y = 0 for fully developed turbulent channel flow. The mean wall-normal component of the Lamb vector is given by
(5.7)
Thus, l y is the only Lamb vector component that contains the mean velocity and vorticity in addition to velocity-vorticity correlations. Furthermore, the mean wallnormal Lamb vector is equal to the wall-normal gradient of the mean Bernoulli function, and hence the wall-normal gradient of l y is the mean Lamb vector divergence. This suggests that the Lamb vector and, in particular, the Lamb vector divergence are particularly relevant to the mean momentum balance. As described by Klewicki et al. (2007) , layer II is where the Reynolds and viscous stress gradients balance. This layer is primarily composed of separated pockets of low-and high-energy fluid. The interaction between these regions of flow drives the self-sustaining mechanisms of near-wall turbulence; however, this process would not repeat if not for the introduction of sufficient high-momentum fluid from the bulk flow to interact with the low-speed, high-vorticity fluid near the wall. Negative Reynolds stress gradients in layer IV introduce high-momentum fluid to layer II. This inner-outer interaction injects an imbalance in the underlying energy distribution and, as a result, pockets of concentrated and depleted flow energy are formed in layer II. The mechanisms associated with the Lamb vector divergence play an important role in establishing this mean momentum balance layer structure, particularly through the inner-outer interactions across layer III that feed layer II. These connections, however, require further investigation.
To a first-order approximation, the mean Lamb vector divergence transport equation for fully developed turbulent channel flow is identically the mean streamwise force balance multiplied by the viscous force term, or mean flow curvature, i.e. d 2 U/dy 2 . Hence, the Lamb vector divergence transport equation is the streamwise force balance attenuated or amplified by the curvature of the velocity field. The Lamb vector divergence then identifies the forces that have a disproportionate ability to alter the mean momentum balance, or equivalently, redistribute momentum in regions where there is high-flow curvature (e.g. in subharmonic or superharmonic regions). Consequentially, if one thinks of the amplified mean curvature of the turbulent boundary layer (relative to the laminar boundary layer) as being driven by the macroscopic stirring of momentum then, in effect, the Lamb vector and the Lamb vector divergence are the fundamental mechanisms that drive energy, momentum and vorticity transfer between the inner and outer layers. figure 4 . These results provide an opportunity to construct interpretations consistent with previous empirical observations. For example, the transient behaviour within the viscous sublayer is predominantly composed of regions of low-momentum fluid separated by small sheets of high-momentum fluid indicative of sweep-like motions consistent with a subharmonic Bernoulli function and negative Lamb vector divergence. Conversely, the behaviour in the buffer layer immediately above the transition from negative to positive mean Lamb vector divergence consists primarily of high-momentum fluid surrounded by sheets of lowmomentum fluid characteristic of ejections and a superharmonic Bernoulli function. Like ejections and sweeps, negative regions of Lamb vector divergence typically precede positive regions (Offen & Kline 1975) . The temporal interactions between these dynamically distinct regions of Lamb vector divergence embody how ejections and sweeps perturb the wall layer away from a harmonic state thereby enhancing turbulent mixing, as described in § 3.
Regions of negative Lamb vector divergence act to enhance the potential energy of a vortical motion due to the topological configuration of the momentum flux. These regions of local momentum flux minima are subsequently converted to momentum flux maxima through interaction with the surrounding high-momentum fluid and corresponding depletion of the low-pressure zone associated, for example, with a vortex-like motion. This process repeats itself as the momentum flux is depleted in the positive regions, thereby returning the flow to a harmonic state. Hence, there exists a quasi-cyclic behaviour between regions of negative and positive Lamb vector divergence, which is intimately related to the momentum transport mechanisms in turbulent flows and readily understood by consideration of the dynamical terms of (3.6). Several studies (e.g. Robinson 1991 , and numerous references therein) have observed this quasi-cyclic behaviour of coherent motions that is naturally described by the Lamb vector divergence.
Oscillating cylinder flow
As a second instantaneous flow example, we now consider the flow around the oscillating cylinder shown in figure 5. This particular three-dimensional cylinder flow is similar to that given by Blackburn, Govardhan & Williamson (2001) , where a circular cylinder oscillates due to vortex-induced vibration with uniform upstream flow. In this example, the Lamb vector divergence, flexion product, and enstrophy have significant dynamical range within the cylinder boundary layer. The stagnation point at the leading edge of the cylinder is a region of zero Lamb vector divergence, as figure 5(a) demonstrates. This is a consequence of the zero-vorticity stagnationpoint flow in that region. In contrast, the flexion product shown in figure 5(b) marks the beginning of separation, as the location where the flexion product changes sign from positive under a decreasingly favourable pressure gradient to negative under an increasingly adverse pressure gradient. In this flow, the flexion product is predominantly positive. Negative flexion product, however, can appear in regions of separated flow and within the wake where u 2 is subharmonic. Recalling the discussion of § 2.2, the net force has both drag and lift components as indicated in figure 5. This force is not parallel to the free-stream velocity since the oscillatory motion is near the maximum positive velocity phase so that the pressure on the upper half of the cylinder is less than that on the lower half, leading to lift. Since the Lamb vector divergence is concentrated more intensely over a wider region along the upper half of the cylinder, (2.6) also predicts this upward lift force. Furthermore, the Lamb vector divergence becomes increasingly localized around the cylinder wall as the Reynolds number increases; as a result, the observed drag reduction beyond the critical Reynolds number is reflected by the spatial variations of the Lamb vector divergence.
Discussion
By directly connecting the Lamb vector divergence to the underlying dynamical equations, a foundation for identifying and studying dynamically significant motions was developed. Several physical and theoretical properties of the Lamb vector divergence were presented; implications of this analysis are now briefly discussed.
Physical implications
The Lamb vector divergence has been shown to identify those motions that have the capacity to effect a time rate of change of momentum. The Lamb vector divergence transport equation captures the mechanisms by which spatial variations in this capacity interact and evolve. Each term in the transport equation accommodates a distinct physical interpretation, collectively sustaining a quasi-cyclic exchange of momentum between regions of high-and low-momentum fluid. The viscous terms act to harmonize the Bernoulli function, thereby minimizing the momentum flux curvature. Conversely, the advective terms counteract this minimization process and force the flow to either a subharmonic or superharmonic state. Through the action of the flexion product advective terms, an initially subharmonic, or low-momentum, fluid parcel's angular momentum is converted into concentrated momentum flux, thereby transitioning the flow to a superharmonic state. Similarly, the advective enstrophy terms counteract this progression by acting to return the flow to a subharmonic state. The regenerative nature and dynamical significance of these physical mechanisms are strongly connected to the attributes commonly associated with coherent motions.
Indeed, for the case of turbulent channel flow, analysis of the Lamb vector divergence transport equation leads to a refined interpretation of wall-layer sweep and ejection phenomena. As demonstrated in § 5.1, the viscous sublayer is predominantly composed of regions of low-momentum fluid separated by small sheets of highmomentum fluid indicative of subharmonic sweeps. In contrast, the buffer layer is characterized by high-momentum fluid surrounded by sheets of low-momentum fluid indicative of superharmonic ejections. The transition between regions of negative and positive Lamb vector divergence corresponds to a distinct change in the overall flow dynamics, e.g. when traversing from the viscous sublayer to the buffer layer. Therefore, the Lamb vector divergence captures the temporal evolution of regions of high-and low-momentum fluid, which is directly related to the mechanisms that drive turbulent mixing.
From the dynamical properties of the Lamb vector divergence, a framework for addressing drag reduction in bluff body flows was obtained. A number of potential methods to control drag production by separating geometric and dynamical factors were identified in § 2.2. For example, harmonizing the Bernoulli function or balancing the spatial distribution of positive and negative Lamb vector divergence leads to drag reduction. Since the Lamb vector divergence only requires measurement of the velocity field and its derivatives, analysis of such is experimentally feasible. Therefore, this dynamical quantity is open to study and investigation as a diagnostic tool in physical experiments. Of particular interest relative to drag studies is that the locality of the Lamb vector divergence often allows one to ignore the far field and focus only on the regions immediately surrounding the bluff body to determine the pressure drag. Thus, the resultant drag force on bluff bodies can be computed from the Lamb vector divergence distribution with reasonable experimental and computational effort. Furthermore, the tendency for the Lamb vector divergence to concentrate suggests that modelling the Lamb vector divergence distribution can lead to improved drag reduction methodologies.
Theoretical implications
The Lamb vector divergence provides a rigorous foundation for the analysis of momentum and energy transfer in turbulent flows. The preceding analysis has revealed the mechanisms by which high-and low-momentum fluid packets interact: regions of negative Lamb vector divergence represent spatially localized motions that have accumulated a capacity to effect a time rate of change of momentum while positive regions represent motions that have a depleted capacity in this regard. Since the Lamb vector divergence provides a physically relevant and well-defined classification of the incipient dynamics, visualization methods that extract zones of positive and negative Lamb vector divergence and follow their temporal evolution, as described by the Lamb vector divergence transport equation, are well suited to further analysis and warrant future investigation.
Positive flexion product identifies the redistribution of high-energy content fluid so as to accelerate the surrounding low-speed fluid. Qualitatively, this may be associated with the unwinding of a vortex, i.e. the conversion of the angular momentum stored in a rotational, or subharmonic, motion into linear momentum accompanied by a corresponding depletion of the low-pressure zone. The interference between the flexion product and enstrophy dictates the character of the Bernoulli function, and hence controls the harmonization of the Bernoulli function. Exploration of these mechanisms holds significant potential for analysis in several other research areas. These include magnetohydrodynamic flows, where the interference between the Lamb vector and Lorentz force divergence yields an analogous source-sink decomposition, and acoustics, where the Lamb vector divergence appears as a dominant source term in Lighthill's wave equation. Equation (2.7) demonstrates that the total kinetic energy is directly related to a weighted volume integral of the Lamb vector divergence. Furthermore, for a nontrivial class of motions, the average Lamb vector divergence given by a non-weighted volume integral is zero. This then implies a global balance between the flexion product and enstrophy, and hence the flow dynamics naturally promote harmonization of the Bernoulli function, or equivalently, act to minimize the energy curvature. It is, however, the local variations between regions of positive and negative Lamb vector divergence that propagate energy and redistribute momentum throughout the flow. This process is rigorously described via the self-interaction of the competing flexion product and enstrophy advective terms found in the Lamb vector divergence transport equation.
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